A Superconcentrator is a directed acyclic graph with specific properties. The existence of linear-sized supercentrator has been proved in [4] . Since then, the size has been decreased significantly. The best known size is 28N which is proved by U. Schöning in [8] . Our work follows their construction and proves a smaller size superconcentrator.
Introduction
A superconcentrator is a class of expanders to meet some constraints. An N-superconcentrator T N is a directed acyclic graph with N input nodes X and N output nodes Y. For any subset S of X and T of Y where |S | = |T |, there are |S | vertex disjoint paths from S to T . Superconcentrator supports many applications in computer science. For instance, a communication network can be viewed as a superconcentrator such that every group contacts others through nonintersecting paths.
It has been acknowledged that there exists linear size superconcentrator where the number of edge in superconcentrator grows linearly to its node number. Gaber and Galil [4] first present a superconcentrator with O(N) edges. Following their work, the size bound became smaller and smaller. It has been successfully improved to 39N in [6] , 38.5N in [3] , 36N in [2] , 34.2N in [7] , and 33N. To our best knowledge, the smallest bound it has ever been proved is attributed to [8] 28N. In this paper, we successfully decrease it by 0.5864N. Our method is non-constructive. We modify the construction in [1] at the cost of some additional directed edges. However, we succeed in reducing the size of recursive N/2-superconcentrator to a number little smaller than it.
Construction
Here we construct an infinite family of superconcentrator with 27.4136N edges. Let T n be the n-superconcentrator.
The Construction of T n
First, we define some parameters which will be determined The edges directed from X to X form a bipartite graph G = (n, d, λn) with (α, β) expanding. Similarly we do the same operation on edges between Y and Y . Arcs (x i , y i ) are in T n where i ∈ {1, . . . , rn}. In addition, for each ι ∈ {1, . . . , λn/2}, the arcs (x ι , x ι+λn/2 ), (y ι+λn/2 , y ι ), (x ι+λn/2 , y ι ) and (x ι , y ι+λn/2 ) are in T n . Finally, we recursively construct T λn/2 between node set X = {x 1 , . . . , x λn/2 } and Y = {y 1 , . . . , y λn/2 }. Figure 1 illustrates such construction.
Note that the directed edges from X to Y reduce the number of vertex-disjoint paths passing through X and Y . One of the merit is to narrow the size of X so as to decrease the size of T n . However, its side effect is the increasing edges between X and Y. We will determine the parameter λ and r later.
Existence of Bipartite Graph
Definition 2.1: An (n, d, λn) graph is a bipartite graph with n vertices on left side and λn vertices on right side. Each vertex on left side has degree d and each vertex on right side has degree d/λ. We define N G (S ) the neighbor vertex of vertex set S in graph G.
An (n, d, λn) graph is an expander (α, β) if every subset on the left side of size at most αn has more than λβn neighbors on the right side. The existence of such graph G is confirmed by following inequality in [7] .
is an expander (α, β). For large n, the expander exists if inequality (1) holds.
Here h is an entropy function under log 2 base such that
Based on it, the following expander exists.
Theorem 2.3:
Let G = (n, λn, d) be the bipartite graph describe above. We require that graph G own following properties. X and Y are its parts where |X| = n and |Y| = λn. Let S be a subset of X. If |S | = αn, we have that:
Copyright c 2012 The Institute of Electronics, Information and Communication Engineers Fig. 1 It is a graph of n-superconcentrator. G is a bipartite graph with parameters (n, d, λn). S (λn/2) is a λn/2-superconcentrator constructed by recursion.
Note that λ ≥ 1 − r/2. However, we should pick up λ strictly larger than 1 − r/2 so as to construct an expander with few edges. we claim that such graph G exists by Theorem 2.2.
Here, we replace β with 2α/λ, α/λ + 1/4 and (λ + α)/2λ respectively. Then we get following inequalities
In our construction, we put λ = 0.9734 and another parameter r = 0.1246. A simple calculation shows that d = 6 can satisfy above three inequalities. Now we can compute the total size of T n by following equation:
We obtain our final result |T n | = 27.4136n + O(1). We leave the proof of our construction to next section.
Theorem 2.4:
T n is an n-superconcentrator with 27.4136n + O(1) edges where X and Y are input set and output set.
Proof
The proof in this paper is of some similarity to proof in [1] . Specifically, we rely on lemma 3.2 which is similar to Lemma 4.3 in [1] . The proof technique is quite analogous. However, we use T λn/2 as the recursive superconcentrator. The node number in two side of this expander (n, d, λn) is different. Therefore, not all the proof in [1] works. We must modify some discussions. All we do is to ensure that similar result is hold under new parameter.
Main Theorem
As in [1] , we use induction in our proof. That is, we have a λn/2-superconcentrator. We want to show the existence of n-superconcentrator. First, we denote the graph between X(Y) and X (Y ) by Λ X (Λ Y resp). S is any subset of X, and T is any subset of Y where |S | = |T |. We show that there exists |S | vertex disjoint paths in T n . Our proof depends on the following theorem which is a modification of Lemma 4.1 in [1] . We denote (1 − r/2) by γ in the following discussion. Assume the correctness of theorem 3.1, we show that it will induce the correctness of our construction. S is any subset of X and T is any subset of Y where |S | = |T |. If |S | > γn = (1 − r/2)n, S and T will have collision in subscript set of {1, . . . , rn}. Since there are directed edge between x i and y i for i ≤ rn, we can eliminate those pairs of x i and y i from S and T . The size of remaining set S is at most (1 − r/2)n, and so is T . Now we can apply theorem 3.1 to S and T.
For each pair (x ι , x ι+λn/2 ) where ι ∈ {1, . . . , γn/2}, we divide it into two cases:
1. If M * S covers both x ι and x ι+λn/2 , we have that M * T covers at least one of y ι and y ι+λn/2 . If y ι is covered, we derive a directed path from x ι+λn/2 to y ι . Then we eliminate this two node from matching set M * S and M * T . Otherwise, y ι+λn/2 must be covered, we drive a directed path (x ι+λn/2 y ι y ι+λn/2 ) which connects x ι+λn/2 and y ι+λn/2 . Similarly, we remove both nodes. 2. If only x ι+λn/2 is covered by M * S , we map it to x ι by arcs (x ι+λn/2 , x ι ).
The remaining node in M * S belongs to node set {x 1 , . . . , x γn/2 }. (include mappings). We do same operation on set T according to matchings M * T . Therefore, the remaining node in M * T belongs to {y 1 , . . . , y γn/2 }. Since there is a λn/2-superconcentrator (λ ≥ γ) between X and Y , and both remaining node set has equal size, we complete our proof.
Proof of Theorem 3.1
The proof of theorem 3.1 depends on the following lemma which appears in [1] with some changes. We have shown the existence of bipartite graph G which satisfies Theorem 2.3. Next we prove that such construction owns the properties of Lemma 3.2. 
